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Abstract 
The present work proposes a new shaft element for viscoelastic rotors in a spinning frame. The Maxwell-Wiechert viscoelastic 
material model which has one elastic branch and several parallel Maxwell branches of elastic and viscous elements in series is 
considered here. This model considers additional internal or damping variables between elastic and viscous elements. Here, the 
stress depends not only on the elastic strain and elastic strain rate but also on additional strains and their rates. In the present 
work, it is assumed that these additional strains can be derived from continuous fictitious displacement variables in the same way 
as the elastic strains are derived from the actual displacement variables. These continuous fictitious displacements in turn are 
interpolated from their nodal values using the conventional beam shape functions. Therefore, in addition to the standard degrees 
of freedom, extra degrees of freedom are defined at the nodes. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
It is well-known that for viscoelastic components subjected to harmonic loading, a frequency-domain analysis is 
most suitable. Here one directly uses the frequency-dependent storage modulus and loss coefficient in the material 
model. However, for other type of loadings, a time dependent viscoelastic material model is essential, particularly in 
the context of finite element analysis. A considerable amount of work has already been done in this direction [1, 2, 3, 
4]. The GHM method [5] is especially suitable for using with finite element analysis. Physically, this method uses 
additional over-damped oscillators. The inertia, stiffness and damping of the oscillators can be determined from 
experimental data [6]. More recently, Adhikari [7, 8, 9, 10, 11, 12] has studied similar energy dissipation in 
structures in great detail and used the term non-viscous damping. Genta and Amati [13] has applied the concept of 
non-viscous damping in the field of rotor dynamics. 
The present work considers a Maxwell Wiechert viscoelastic model. Then it presents a simple technique for 
incorporating this in a finite element model. If one obtains the finite element matrices from any commercial or in-
 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommon .org/licenses/by-nc-nd/4.0/).
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house software, then he has to simply append those matrices to use it for a viscoelastic material. Unlike the GHM 
method, there is no need of elimination of the rigid body modes. 
 
2. Analysis 
A Maxwell-Wiechert model is a standard representation for a viscoelastic material. The Maxwell Wiechert model 
has one spring in parallel with a number of parallel Maxwell elements (Figure 1). A Maxwell element contains a 
spring and a damper in series. The stress-strain relation for the material can be extracted considering stress as the 
force and strain as displacement in this spring-damper combination. In each Maxwell branch, an additional damping 
degree of freedom is considered between the spring and the damper. 
The stress-strain relation for the viscoelastic material is expressed as follows: 
ߪ ൌ ܧߝ௖ ൅ ߟଵሺߝሶ௖ െ ߝሶ௕ଵሻ ൅ ߟଶሺߝሶ௖ െ ߝሶ௕ଶሻ                                                                                                           (1) 
ߟଵሺߝሶ௖ െ ߝሶ௕ଵሻ ൌ ܧଵߝ௕ଵ                                                                                                                                         (2) 
ߟଶሺߝሶ௖ െ ߝሶ௕ଶሻ ൌ ܧଶߝ௕ଶ                                                                                                                                         (3) 
 
Fig. 1. The Maxwell Wiechert model with three Maxwell branches 
2.1. Finite element formulation 
It is assumed that like the actual strainߝ௖, the additional variables ߝ௕௜as shown in Figure 1, can also be obtained 
from an additional displacement-like variables ݓ௕௬ andݓ௕௭. 
ߝ௖ ൌ െቀݕ డ
మ௪೎೤
డ௫మ ൅ ݖ
డమ௪೎೥
డ௫మ ቁ                                                                                                                               (4a) 
ߝ௕ ൌ െቀݕ డ
మ௪್೤
డ௫మ ൅ ݖ
డమ௪್೥
డ௫మ ቁ                                                                                                                              (4b) 
For an Euler-Bernoulli beam, while the actual strain is determined from the relation (4a), the additional strain can 
be determined from additional continuous displacement variablesݓ௕௬  andݓ௕௭  (Eq. (4b)). 
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Fig. 2. Degrees of freedom of the proposed element with two Maxwell branch is composed of (a) Velocity degrees of freedom (b) Usual degrees 
of freedom (c) damping degrees of freedom for the first Maxwell branch (d) damping degrees of freedom for the second Maxwell branch 
For finite element formulation the virtual work principle is adopted. The virtual strain energy is equal to the 
virtual work done by the inertia force, gyroscopic force and external force. The formulation is attempted in the 
spinning frame. Therefore, the expressions for inertia and gyroscopic forces in spinning frame are considered. The 
stress, strain and external forces are all with respect to the spinning frame. 
The virtual strain energy per unit volume 
ൌ ߜߝ௖ߪ ൌ ߜߝ௖ሼܧߝ௖ ൅ ߟଵሺߝሶ௖ െ ߝሶ௕ଵሻ ൅ ߟଶሺߝሶ௖ െ ߝሶ௕ଶሻሽ                                                                                         (5) 
It is assumed that just like the actual displacement ݓ௖  is interpolated from the 8 nodal variables ሼ ௖ܷሽ  (2 
displacements and 2 rotations at each node) the additional displacement-like variables ݓ௕௬  and ݓ௕௭  are also 
interpolated from another 8 additional nodal variablesሼ ௕ܷሽ (Figure 2). 
ߝ௖ ൌ ሾܤሿሼ ௖ܷሽǢߝ௕ ൌ ሾܤሿሼܷ௕ሽ                                                                                                                         (6) 
The matrixሾܤሿis the standard strain-displacement matrix for three-dimensional Euler-Bernoulli beam element. 
Now, the virtual strain energy per unit volume 
ߜߝ௖ߪ ൌ ሼߜ ௖ܷሽ்ሾܤሿ்൛ܧሾܤሿሼ ௖ܷሽ ൅ ߟଵሾܤሿ൫൛ ሶܷ௖ൟ െ ൛ ሶܷ௕ଵൟ൯ ൅ ߟଶሾܤሿ൫൛ ሶܷ௖ൟ െ ൛ ሶܷ௕ଶൟ൯ൟ 
ൌ ሼߜ ௖ܷሽ்ሾܤሿ்ܧሾܤሿሼ ௖ܷሽ ൅ ሼߜ ௖ܷሽ்ሾܤሿ்ሺߟଵ ൅ ߟଶሻሾܤሿ൛ ሶܷ௖ൟ െ ሼߜ ௖ܷሽ்ሾܤሿ் ቄߟଵ൛ ሶܷ௕ଵൟ ൅ ߟଶ൛ ሶܷ௕ଵൟቅ                       (7) 
The virtual work done by the inertia force and gyroscopic moment in the spinning frame can be written as  
െሼߜ ௖ܷሽ் ቀሺሾܯ௘்ሿ ൅ ሾܯோ௘ሿሻ൛ ሷܷ௖ൟ ൅ ʹ߱ൣܯ෡௘்൧൛ ሶܷ௖ൟ െ ߱ଶሺሾܯ௘்ሿ െ ሾܯோ௘ሿሻሼ ௖ܷሽቁ                                                       (8) 
The inertia force and gyroscopic moment can be first derived in the inertial frame and then transformed to 
spinning frame. Alternatively one can obtain the velocity and kinetic energy expressions in spinning frame. The 
inertia and gyroscopic terms can be obtained by taking the first variation of the kinetic energy.  
The work done by the external forces is     
ሼߜ ௖ܷሽ்ሼ݂௘ሽ                                                                                                                                                      (9) 
Now, the following notations can be used:- 
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ሾܯ௘ሿ ൌ ሾܯ௘்ሿ ൅ ሾܯோ௘ሿ                                                                                                                                      (10a) 
ሾܩ௘ሿ ൌ ʹ߱ൣܯ෡௘்൧                                                                                                                                              (10b) 
ሾܭଵ௘ሿ ൌ െ߱ଶሺሾܯ௘்ሿ െ ሾܯோ௘ሿሻ                                                                                                                          (10c) 
Using the virtual work principle one obtains 
ሼߜ ௖ܷሽ் ቊሾܯ௘ሿ൛ ሷܷ௖ൟ ൅ ሾܩ௘ሿ൛ ሶܷ௖ൟ ൅ ሾܭଵ௘ሿሼ ௖ܷሽ ൅ ׬ ሾܤሿ்ܧሾܤሿܸ݀௏ ሼ ௖ܷሽ ൅ ׬ ሾܤሿ்ሺߟଵ ൅ ߟଶሻሾܤሿܸ݀௏ ൛ ሶܷ௖ൟ െ
൜׬ ሾܤሿ்ߟଵሾܤሿ௏ ܸ݀൛ ሶܷ௕ଵൟ ൅ ׬ ሾܤሿ்ߟଶሾܤሿ௏ ܸ݀൛ ሶܷ௕ଶൟൠቋ ൌ ሼߜ ௖ܷሽ்ሼ݂௘ሽ                                                               (11) 
Considering 
ሾܭഥ௘ሿ ൌ ׬ ሾܤሿ்ሾܤሿܸ݀௏                                                                                                                                      (12) 
ሾܯ௘ሿ൛ ሷܷ௖ൟ ൅ ሾܩ௘ሿ൛ ሶܷ௖ൟ ൅ ሺߟଵ ൅ ߟଶሻሾܭഥ௘ሿ൛ ሶܷ௖ൟ െ ቄߟଵሾܭഥ௘ሿ൛ ሶܷ௕ଵൟ ൅ ߟଶሾܭഥ௘ሿ൛ ሶܷ௕ଶൟቅ ൅ ܧሾܭഥ௘ሿሼ ௖ܷሽ ൅ ሾܭଵ௘ሿሼ ௖ܷሽ ൌ
ሼ݂௘ሽ                                                                                                                                                                  (13) 
For each Maxwell branch the stress in the elastic part is same as the stress in the damping part. Therefore, virtual 
work done by them should be equal. For the first Maxwell branch the following equation holds:-  
ሼߜ ௖ܷሽ் ׬ െሾܤሿ்ߟଵሾܤሿ௏ ܸ݀൛ ௖ܷሶ ൟ ൅ ሼߜ ௖ܷሽ் ׬ ሾܤሿ்ߟଵሾܤሿ௏ ܸ݀൛ܷ௕ଵሶ ൟ ൅ ሼߜ ௖ܷሽ் ׬ ሾܤሿ்ܧଵሾܤሿ௏ ܸ݀ሼ ௕ܷଵሽ ൌ ሼͲሽ (14) 
Or, using relation (12) the constraint equations for two Maxwell branches are as follows:- 
െߟଵሾܭഥ௘ሿ൛ ௖ܷሶ ൟ ൅ ߟଵሾܭഥ௘ሿ൛ܷ௕ଵሶ ൟ ൅ ܧଵሾܭഥ௘ሿሼܷ௕ଵሽ ൌ ሼͲሽ                                                                                    (15a) 
െߟଶሾܭഥ௘ሿ൛ ௖ܷሶ ൟ ൅ ߟଶሾܭഥ௘ሿ൛ܷ௕ଶሶ ൟ ൅ ܧଶሾܭഥ௘ሿሼܷ௕ଶሽ ൌ ሼͲሽ                                                                                    (15b) 
Combining the above equations one obtains 
ۏێ
ێێ
ۍሾܯ
௘ሿ ሾͲሿ െߟଵሾܭഥ௘ሿ െߟଶሾܭഥ௘ሿ
ሾͲሿ ሾܫሿ ሾͲሿ ሾͲሿ
ሾͲሿ ሾͲሿ ߟଵሾܭഥ௘ሿ ሾͲሿ
ሾͲሿ ሾͲሿ ሾͲሿ ߟଶሾܭഥ௘ሿ ے
ۑۑ
ۑې
ۖە
۔
ۖۓ ሼ ሷܷ௖ሽ
ሼ ሶܷ௖ሽ
ሼ ሶܷ௕ଵሽ
ሼ ሶܷ௕ଶሽۙۖ
ۘ
ۖۗ
൅
ۏێ
ێێ
ۍሺߟଵ ൅ ߟଶሻሾܭഥ
௘ሿ ൅ ሾܩ௘ሿ ܧሾܭഥ௘ሿ ൅ ሾܭଵ௘ሿ ሾͲሿ ሾͲሿ
െሾܫሿ ሾͲሿ ሾͲሿ ሾͲሿ
െߟଵሾܭഥ௘ሿ ሾͲሿ ܧଵሾܭഥ௘ሿ ሾͲሿ
െߟଶሾܭഥ௘ሿ ሾͲሿ ሾͲሿ ܧଶሾܭഥ௘ሿے
ۑۑ
ۑې
ە
۔
ۓ ሼ ሶܷ௖ሽሼ ௖ܷሽ
ሼܷ௕ଵሽ
ሼܷ௕ଶሽۙ
ۘ
ۗ
ൌ ൞
ሼ݂௘ሽ
ሼͲሽ
ሼͲሽ
ሼͲሽ
ൢ                                     (16a) 
If there are three Maxwell branches the state space equations are as follows:-  
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ۏ
ێێ
ێێ
ۍሾܯ
௘ሿ ሾͲሿ െߟଵሾܭഥ௘ሿ െߟଶሾܭഥ௘ሿ െߟଷሾܭഥ௘ሿ
ሾͲሿ ሾܫሿ ሾͲሿ ሾͲሿ ሾͲሿ
ሾͲሿ ሾͲሿ ߟଵሾܭഥ௘ሿ ሾͲሿ ሾͲሿ
ሾͲሿ ሾͲሿ ሾͲሿ ߟଶሾܭഥ௘ሿ ሾͲሿ
ሾͲሿ ሾͲሿ ሾͲሿ ሾͲሿ ߟଷሾܭഥ௘ሿ ے
ۑۑ
ۑۑ
ې
ە
ۖ
۔
ۖ
ۓ ሼ ሷܷ௖ሽሼ ሶܷ௖ሽ
ሼ ሶܷ௕ଵሽ
ሼ ሶܷ௕ଶሽ
ሼ ሶܷ௕ଷሽۙ
ۖ
ۘ
ۖ
ۗ
൅
ۏ
ێێ
ێێ
ۍሺߟଵ ൅ ߟଶ ൅ ߟଷሻሾܭഥ
௘ሿ ൅ ሾܩ௘ሿ ܧሾܭഥ௘ሿ ൅ ሾܭଵ௘ሿ ሾͲሿ ሾͲሿ ሾͲሿ
െሾܫሿ ሾͲሿ ሾͲሿ ሾͲሿ ሾͲሿ
െߟଵሾܭഥ௘ሿ ሾͲሿ ܧଵሾܭഥ௘ሿ ሾͲሿ ሾͲሿ
െߟଶሾܭഥ௘ሿ ሾͲሿ ሾͲሿ ܧଶሾܭഥ௘ሿ ሾͲሿ
െߟଷሾܭഥ௘ሿ ሾͲሿ ሾͲሿ ሾͲሿ ܧଷሾܭഥ௘ሿے
ۑۑ
ۑۑ
ې
ۖە
۔
ۖۓ ሼ ሶܷ௖ሽሼ ௖ܷሽ
ሼܷ௕ଵሽ
ሼܷ௕ଶሽ
ሼܷ௕ଷሽۙۖ
ۘ
ۖۗ
ൌ
ۖە
۔
ۖۓሼ݂
௘ሽ
ሼͲሽ
ሼͲሽ
ሼͲሽ
ሼͲሽ ۙۖ
ۘ
ۖۗ
             (16b) 
2.2. Harmonic Solution of Assembled Equations 
There are now two alternative ways for computing the frequency response. Since this analysis is done in 
frequency domain, the usual way is to start with the governing equations without any additional damping degrees of 
freedom. The element equations are assembled to obtain the following equations for the system. 
ሾܯሿ൛ ሷܷ ൟ ൅ ሾܩሿ൛ ሶܷ ൟ ൅ ൅ܧሾܭഥሿ൛ ሶܷ ൟ ൅ ሾܭଵሿሼܷሽ ൌ ሼܨሽ                                                                                           (17) 
Assuming harmonic excitation in the formሼܨሽ ൌ ሼܨ଴ሽ݁௝ఠ௧ , the displacement and material modulus are written as 
follows:- 
ሼܷሽ ൌ ሼ ଴ܷሽ݁௝ఠ௧                                                                                                                                                  (18) 
ܧ ൌ ܧ௦ሺ߱ሻ൫ͳ ൅ ݆ߟሺ߱ሻ൯                                                                                                                                  (19a) 
ܧ ൌ ܧௌሺ߱ሻ ൅ ݆ܧூሺ߱ሻ                                                                                                                                    (19b) 
Where,    
ܧூሺ߱ሻ ൌ ܧ௦ሺ߱ሻߟሺ߱ሻ                                                                                                                                      (19c) 
The material modulus is expressed as a frequency-dependent complex number in terms of storage modulus and 
loss coefficient. The displacement ሼ ଴ܷሽ is a complex number and can be determined from the following equation:-  
ሼ ଴ܷሽ ൌ ൛ܧ௦ሺ߱ሻ൫ͳ ൅ ݆ߟሺ߱ሻ൯ሾܭഥሿ െ ߱ଶሾܯሿ ൅ ݆߱ሾܩሿൟିଵሼܨ଴ሽ                                                                             (20) 
The alternative starts with the state space form with additional damping degrees of freedom. The element 
equations are shown in equation (15). Equation (15a) or equation (15b) can be assembled and written as follows:- 
ሾܣሿ൛ ሶܼൟ ൅ ሾܤሿሼܼሽ ൌ ሼܴሽ                                                                                                                                     (21) 
Considering ሼܴሽ ൌ ሼܴ଴ሽ݁௝ఠ௧andሼܼሽ ൌ ሼܼ଴ሽ݁௝ఠ௧, one obtains 
ሼܼ଴ሽ ൌ ሺ݆߱ሾܣሿ ൅ ሾܤሿሻିଵሼܴ଴ሽ                                                                                                                           (22) 
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3. Numerical study 
3.1. Example 1 
The objective of this numerical example is to validate the state space finite element model. It is easier to check 
the proposed finite element formulation in the frequency domain as we can directly compare the results with those 
obtained using Eq. (20) where a complex frequency-dependent material modulus is considered. A plastic PVC rotor 
of 600 mm length and 15 mm diameter is first considered (Figure 3). The disc has 1 kg mass and 100 mm radius of 
gyration corresponding to polar moment of inertia. For this case the spin speed is kept zero. A harmonic force of 
amplitude 1N and varying frequency is applied at the location of the disc. A Maxwell Wiechert model with three 
Maxwell branches has been used. The model parameters are as shown in Table 1. 
Fig. 3. A simply supported rotor with an offset disk 
Table 1. Values of parameters in a three element hypothetical Maxwell Wiechert model 
Material ܧ ܧଵ ܧଶ ܧଷ ߟଵ ߟଶ ߟଷ ߩ 
Material 1 
ʹǤͶ͸
ൈ ͳͲଵ଴ܰ
Ȁ݉ଶ 
ͲǤͺͷͺ
ൈ ͳͲଵ଴ܰ
Ȁ݉ଶ 
ͲǤͶͻͶ
ൈ ͳͲଵ଴ܰ
Ȁ݉ଶ 
ͲǤʹͺͷ
ൈ ͳͲଵ଴ܰ
Ȁ݉ଶ 
ͲǤͶ
ൈ ͳͲ଺ܰݏ
Ȁ݉ଶ 
ͲǤ͹ͷʹ
ൈ ͳͲ଺ܰݏ
Ȁ݉ଶ 
ͳǤ͵ʹ
ൈ ͳͲ଺ܰݏ
Ȁ݉ଶ 
ʹͲͲ݇݃
Ȁ݉ଷ 
 
From these specified parameters the real and imaginary parts of the material modulus can be computed using the 
following relations:- 
ܧ௦ ൌ ܧ ൅ ாభఠ
మఛభమ
ଵାఠమఛభమ ൅
ாమఠమఛమమ
ଵାఠమఛమమ ൅
ாయఠమఛయమ
ଵାఠమఛయమ                                                                                                          (22a) 
ܧூ ൌ ாభఠఛభଵାఠమఛభమ ൅
ாమఠఛమ
ଵାఠమఛమమ ൅
ாయఠఛయ
ଵାఠమఛయమ                                                                                                                 (22b) 
Where, 
߬௜ ൌ ఎ೔ா೔ ݅ ൌ ͳǡʹǡ͵                                                                                                                                          (22c) 
The loss coefficient is given by 
ߟ ൌ ா಺ாೞ                                                                                                                                                             (22d) 
The plots of storage modulus and loss coefficient corresponding to the parameters specified in Table 1 are 
presented in Figure 4. One can use the value of storage modulus and loss coefficient as a function of frequency in 
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the Eq. (20) and find out a frequency response. Alternative he can use the parameters specified in Table 1 directly in 
Eq. (22). 
The frequency response plots computed using Eqs. (20) and (22) are compared in Figure 5. They are found to be 
identical with exactly same location and amplitude of the peaks. 
3.2. Example 2 
This example considers the same viscoelastic rotor as that considered in the previous example. The eigenvalues 
of the homogeneous part of Eq. (21) is computed. The largest real part of the eigenvalues is plotted in Figure 6(a) 
and the Campbell Diagram for the first mode is plotted in figure 6(b). The largest real part becomes positive beyond 
a certain spin speed. 
Fig. 4. Storage Modulus and Loss coefficient for the viscoelastic material specified in Table 1. 
Fig. 5..Frequency response computed using conventional frequency-dependent storage modulus and loss coefficient and state space model with 
additional damping degrees of freedom 
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Fig. 6. (a) The largest real part of the eigenvalues is plotted against spin speed and (b) Campbell Diagram for the first mode 
 
4. Conclusion 
A viscoelastic shaft element based on the Maxwell Wiechert model is presented. The parameters for the Maxwell 
Wiechert model can be extracted from experimental data. The element stiffness and mass matrices obtained for an 
elastic shaft element of unit modulus of elasticity and identical density can be appended to obtain the state space 
matrices for the viscoelastic one. The element equations have to be assembled considering velocity degrees of 
freedom and damping degrees of freedom in additional to usual degrees of freedom. 
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